A generalized bidirectional distribution function (BRDF) that relates the specific intensity of the scattered light from a semi-infinite medium to the specific intensity of the incident light is introduced in the framework of coherence theory. This derivation allows us to obtain from first principles several fundamental properties: First, it is established that the generalized BRDF takes the form of a nonlocal relation between the incident and the scattered specific intensities. This nonlocal structure allows us to account naturally for the lateral shift of a beam. Second, the generalized BRDF is the Fourier transform of the correlation function that describes the memory effect. Third, the Helmholtz principle for specific intensities is derived as a theorem from the reciprocity property of the scattering operator for wave fields. This result allows us to prove Kirchhoff's law.
INTRODUCTION
The aim of this paper is to address some basic radiometric concepts that are commonly used to describe the radiative properties of opaque surfaces. Radiometry 1 is a phenomenological theory, developed in the past century, which has been used successfully to describe and measure radiative transfer and lighting. For more than a century, however, the formal connection between this area and electromagnetism was overlooked. Later, with the development of coherence theory, the essential link between the two theories was established with the introduction of a definition of the radiance and the specific intensity in terms of field wave functions. [2] [3] [4] [5] [6] [7] [8] This question has received much attention over the last 20 years and today, 9 to a large extent, can be considered resolved. Yet several fundamental questions remain, in particular, those regarding the concept of the bidirectional reflectance distribution function (BRDF) 1 ; the Helmholtz reciprocity principle for specific intensities, 10, 11 in connection with the exchange between detector and source; and Kirchhoff's law, 1 which establishes the equality between the emissivity and the absorptivity of a surface.
Concerning the BRDF, it may be shown that all the radiative properties of a surface can be expressed in terms of this quantity. 1 The BRDF will be denoted in this work as (r, s, S), where r specifies a point of the surface and s and S are unit vectors characterizing the scattering and incident directions, respectively. It is worth noting that there are some departures between the terminologies used by different researchers: The optical community has adopted the definition proposed by Nicodemus, 12, 13 the acronym BRDF and the notation f r being widely used. Also, the term function for this quantity is used to emphasize that it has dimension sr Ϫ1 . In contrast, among heat transfer researchers, it is called bidirectional reflectivity and usually denoted by . Here we shall use the two terminologies interchangeably and denote the BRDF by the notation .
Although this function has been carefully defined 12, 13 and widely studied experimentally, 14 to our knowledge its relationship with the reflectivity defined for electromagnetic waves has not yet been addressed. Although at first glance it may seem that this relationship could be sorted out by merely taking a square modulus of Fresnel reflectivity, it turns out that the problem is much more involved. A major difference is that the reflectivity as given by the Fresnel formulas is defined for plane waves and therefore characterizes an infinite surface, whereas the concept of BRDF provides the local value of the reflectivity at a given point r of the surface.
With respect to the reciprocity theorem, according to Rayleigh 15 it was first derived by Helmholtz for acoustic fields. The reciprocity of the scattering operator acting on wave fields can be rigorously derived and can be found in several papers and textbooks, (see, e.g., Refs. [16] [17] [18] [19] [20] [21] . The reciprocity theorem for electromagnetic fields can be derived along similar lines. It seems that the first statement of reciprocity for light is given in the optics textbook by Helmholtz. holtz established his statement for specific intensities rather than for field wave functions. 10, 11 Also, it was presented as a principle, hence without proof. Although the reciprocity for the specific intensity has been questioned in some experimental 22 and theoretical 23 works, the literature seems to indicate that those apparent violations were obtained under conditions in which experimental errors could not be neglected. 24 Subsequent experiments that were more careful have shown no deviations from the reciprocity principle. 10, 25 To derive a reciprocity theorem for the specific intensity from the corresponding well-known property of the scattering operator for wave fields, it is necessary to make use of the connection between radiometric and electromagnetic quantities. We shall introduce in this work a general definition for the BRDF in the framework of statistical optics, which allows us to account for coherence effects. This definition can be applied to any linear and reciprocal medium (e.g., a plane surface, a rough interface, an interface between vacuum and a highly scattering medium, etc.). It will also be shown that this quantity acquires all the properties of the BRDF used in radiometry when the wavelength tends to zero. Then, on the basis of the reciprocity property of the scattering operator, we shall demonstrate that the generalized BRDF is reciprocal. In addition, on using this generalized BRDF, we shall give an account for the presence of enhanced backscattering as a coherent effect, and we shall outline its connection to reciprocity. Finally, we will show that this generalized BRDF is the Fourier transform of the correlation function that describes the memory effect of a speckle pattern. We shall also demonstrate that this relationship reveals through the BRDF the underlying unity between this effect and the nonspecular effects such as the Goos-Hä nchen shift.
Concerning the derivation of Kirchhoff's law that is established in this paper, it should be noted that such a derivation has not yet been demonstrated for the most general case, namely, for any type of surface, any specified direction, and any wavelength. The different proofs of Kirchhoff's law have been analyzed by Huetz-Aubert and Taine. 26 It is shown in their paper that the thermodynamics arguments that are generally employed yield an equality only between the absorptivity and the emissivity integrated over all the angles. 26 Nevertheless, there are experimental indications that Kirchhoff's law is valid for directional quantities. Indeed, it has been shown that gratings supporting surface-plasmon polaritons can display anisotropic emission patterns that coincide with the angular dependence of the absorptivity. [27] [28] [29] [30] [31] The equality for directional quantities can be demonstrated with arguments based on energy balance for surfaces that reflect specularly.
A different approach to the problem can be based on the fluctuation dissipation theorem. From knowledge of the correlation function of the randomly fluctuating currents that are thermally induced, a general form of Kirchhoff's law can be established. An elegant derivation of the equality between emissivity and absorptivity in the framework of the fluctuation-dissipation theorem has been given for flat surfaces in Refs. 32 and 33. Yet it has been shown 26 that
Kirchhoff's law can be derived for diffusing surfaces if it is assumed that the bidirectional reflectivity is reciprocal. The organization of the paper is as follows: For the sake of completeness and reader convenience, in Subsection 2.A we recall basic definitions of radiometry; in Subsection 2.B we outline some of the main results of coherence theory that provide the foundations of the phenomenological theory of radiative transfer, and in Subsection 2.C we summarize the reciprocity of the generalized reflection coefficient for wave fields. All this material allows us to establish in Section 3 a generalized BRDF, which turns out to satisfy reciprocity. Then a discussion of the consequences of these results is given in Section 4 in connection with the reciprocity of the BRDF, the link with the memory effect, the nonspecular effects, Helmholtz's reciprocity theorem, and Kirchhoff's law.
FOUNDATIONS OF RADIOMETRY

A. Basic Definitions
The basic concept of radiometry is the specific intensity I (r, s) used to describe the energy flux through a surface element dA around a point of coordinates r propagating in the direction specified by the unit vector s. The flux of energy (see Fig. 1 ) flowing through dA in the interval of frequencies [, ϩ d] can be written as dQ ϭ I ͑ r, s͒dA cos d⍀.
Note that when dealing with planar sources, the specific intensity emitted by the source is often referred to as radiance. 9 The flux of energy per solid angle integrated over a surface (e.g., the area of the source or the area of a scattering surface illuminated by a finite beam) is given by the radiant intensity 9 J (s):
The BRDF (r, s, S) expresses the contribution that the incident specific intensity I inc (r, S) makes to the reflected specific intensity I r (r, s) in the direction s. It is defined as 12, 13 I r ͑ r, s͒ ϭ ͵ ͑r, s, S͒I inc ͑ r, S͒cos d⍀.
Note that this definition makes two assumptions: First, the link between the incident and reflected specific intensities is local. Second, the bidirectional reflectivity can be defined locally and allows us to describe a surface with a reflectivity that depends on r.
B. Generalized Specific Intensity
In this subsection we briefly outline a few concepts and equations on the connection between the specific intensity and the electromagnetic representation in terms of field wave functions to be used later for our purposes. For a detailed discussion of this topic we refer the reader to Ref. 9 . Let us focus on the problem of reflection by the surface of a semi-infinite medium (see Fig. 2 ). This interface can be either a flat boundary of a randomly inhomogeneous medium or a rough surface of a medium that can be either homogeneous or inhomogeneous. The only assumption that we need is that the medium is linear and satisfies reciprocity. In an electromagnetic context, one uses a description in terms of fields. In this paper we shall use the scalar approximation. Thus both the reflected field u(r) and the incident field can be represented by an angular spectrum of plane waves, 9 u͑r͒ ϭ ͵ a͑s Ќ ͒exp͓iks • r͔ds Ќ , (4a) or, with a more explicit notation,
where s ϭ (s Ќ , s z ), s Ќ ϭ (s x , s y , 0), r ϭ (r Ќ , z), and r Ќ ϭ (x, y, 0). At points r sufficiently far from sources, the integration of Eq. (4) is performed over propagating waves only, so that s Ќ 2 р 1 and s z ϭ ͓1 Ϫ s Ќ 2 ͔ Ϫ1/2 with s z Ͼ 0 for the reflected field and s z Ͻ 0 for the incident field. Here ds Ќ ϭ ds x ds y and k ϭ /c denotes the vacuum wave vector. At planes z ϭ constant, Eq. (4a) can be inverted to yield
Note that the integration is performed over a plane specified by a constant z. If the field is produced by a thermal source, u(r) is a random variable. 9, 34 Thus the amplitudes a in (s Ќ ) are also random variables. In general, u(r) is not a stationary random variable. Instead, the field is limited to a finite extent in the plane z ϭ 0 so that its Fourier transform can be defined. To establish a link with radiometry, it is necessary to express the flow of energy. To this aim, we use the stationary-phase approximation to derive from Eq. (4) the asymptotic form of the field for kr → ϱ:
where s ϭ r/r.
The flux of energy J (s) in the solid angle d⍀ is then obtained by evaluating the flux of the intensity through a surface r 2 d⍀. From Eq. (6) we obtain
where the angle brackets denote average over an ensemble of realizations of the field u(r). Using the inversion formula (5b), we can rewrite Eq. (7) in the form
On comparison of Eq. (8) with Eq. (2), using dA ϭ dr Ќ and s z ϭ cos (see Fig. 1 ), we obtain the following form for the specific intensity:
The integral in Eq. (9a) is performed over the plane of constant z where the specific intensity is evaluated. This is the form of the specific intensity as originally proposed by Walther.
2 Let us point out that in this representation the field u accounts only for fields propagating toward either positive or negative values, according to the sign of s z . For instance, if s z is negative, u is the amplitude of the incident field, whereas if s z is positive, u is the amplitude of the scattered field. An alternative form of the specific intensity can be obtained by inserting Eq. (4a) into Eq. (9a), as shown in Appendix A:
Note that this expression is valid at any point r. Thus it accounts for the propagation of the intensity in vacuum. When we apply Eq. (9b) to the plane z ϭ 0 that is taken to be the surface of a planar source, r is replaced by r Ќ and we obtain
(9c) Equation (9c) will be the starting point of our analysis. The above formula for the specific intensity may yield a negative specific intensity. This problem has already been fully discussed. 9 It is very convenient to customize the results to the case of a source with a field that has a modulus varying slowly across the plane z so that the correlation function of the field can be cast in the form
In expression (10a), r Ќ denotes the component of the position vector r that is parallel to the surface of constant z. The first factor S(r Ќ ) of Eq. (10a) describes the amplitude of the specific intensity. The characteristic length of S(r Ќ ) is the size of the source. The second factor g(r Ќ ) characterizes the field correlation at z ϭ 0, and its characteristic length is the spatial coherence length. This broad class of sources encompasses many thermal sources. A source producing such a field is known as a quasi-homogeneous source. 5 Note that taking the Fourier transforms of Eq. (10a) yields
In Eq. (10b), S and g denote the Fourier transforms of S and g, respectively. For the class of quasi-homogeneous sources, the definition of specific intensity is then given by
It has been shown 9, [35] [36] [37] [38] that this definition yields a positive specific intensity in the limit of vanishing wavelengths.
C. Reciprocity in Wave Scattering
The reciprocity theorem follows immediately from Maxwell's equations. [16] [17] [18] [19] [20] It can also be derived for scalar waves. 20 Recently, it has been extended to evanescent waves. 21 This law can be written in several different forms. For our purpose we are interested in the properties of the scattering matrix. The simplest formulation is obtained with angular variables in the angular spectrum representation, namely, when Eq. (4) is written in the form u͑r͒ ϭ ͵ A͑s Ќ ͒exp͑ iks • r͒d⍀. (12) Note that we have ds Ќ ϭ ͉s z ͉d⍀ so that a(s Ќ )͉s z ͉ ϭ A(s Ќ ). The generalized reflection coefficient R(s, sЈ) of the scattering matrix is introduced as
where A r is the amplitude of the reflected field and A inc is the amplitude of the incident field. With these notations, the reciprocity theorem reads as
Since the angular spectrum is conventionally written with Eq. (4), we can also express Eq. (13) in the form
where we have defined r(s, sЈ) ϭ R(s, sЈ)/s z . Then the reciprocity relations can be cast in the form
DERIVATION OF A RECIPROCAL GENERALIZED BRDF
In this section we shall use the definition of the generalized specific intensity to express the reflected specific intensity in terms of the reflected fields. Using the scattering matrix, we shall be able to express the reflected fields in terms of the incident fields and then introduce the incident specific intensity. Our goal is to set up a general transformation between incident and reflected specific intensities. We start with the application of Eq. (9c) to the reflected specific intensity; namely,
where the subindices and superscripts r denote the corresponding reflected quantity and the angle brackets denote average over an ensemble of realizations of the incident field. All the specific intensities are defined in the plane z ϭ 0. We now introduce the expression of the reflected fields given by Eq. (15) for one particular realization of the random medium; then Eq. (17) becomes
In Eq. (18) we have explicitly written the correlation function of the incident field. The specific intensity given by Eq. (18) will display a speckle pattern if the incident field is partially spatially coherent. It is of interest to further average this quantity over an ensemble of realizations of the surface to get an average bidirectional reflectivity. Note that the ensemble of surfaces and the ensemble of incident fields are statistically independent. On inverting the application of (9c) to the incident specific intensities, we obtain
Then, by inserting Eq. (19) into Eq. (18) and performing the average over the ensemble of surface realizations, we obtain the following general form for the reflected specific intensity:
In Eq. (20) we have introduced the generalized bidirectional reflectivity as
where the overbar denotes the average over an ensemble of realizations of the reflecting random medium. This average should not be confused with the one introduced in Eq. (7) for the ensemble of sources producing the incident field. Let us mention at this point that the reflectivity can be split into two terms: the mean reflectivity r and the fluctuating reflectivity ␦r ϭ r Ϫ r . The mean reflectivity gives the amplitude of the mean field (or the coherent field), which is specular, whereas the mean square modulus of the fluctuating component ␦r␦r* yields the diffuse intensity (or incoherent component). It is clear from Eq. (21) that we can split the BRDF into two terms, thus yielding the coherent specific intensity and the incoherent specific intensity, respectively. The main feature of Eq. (21) is that the bidirectional reflectivity appears as a nonlocal reflectivity, unlike the form usually postulated. Although for surfaces this nonlocal effect is usually not significant, it might become very large for turbid media such as tissues or particle suspensions. Indeed, if one illuminates an interface separating a vacuum from a highly scattering medium with a narrow beam at normal incidence, light migrates on multiple scattering in the random medium and emerges at a distance from the beam that can be several mean-free paths [see Fig. 2(a) ]. For such a medium, the BRDF is clearly a nonlocal function.
In the previous example the nonlocality was due to the incoherent component of the reflectivity. Yet, even for flat interfaces separating homogeneous media, the nonlocality of the coherent reflectivity is not surprising. Indeed, it should be remembered that the Fresnel reflectivity is defined for plane waves. Thus it is not a local property but, instead, a property of an infinite surface. This poses the problem of the minimum length for which the concept of local reflectivity makes sense. To deal with this problem, let us consider a perfectly conducting square surface whose side is L. The field reflected has an angular width /L that is due to diffraction. It is clear that for a surface with a side L ϭ 2, for instance, Snell's laws are not adequate. What happens if we now consider the contribution to the reflected field that is due to a small area of a large surface? Let us isolate a square in the surface whose side is LЈ Ͻ L. The contribution to the reflected field of this particular square can be obtained by use of the Huygens-Fresnel principle, which yields a field with an angular aperture given by /LЈ. Yet, by summing all the contributions of all the squares that form the surface, we retrieve the correct behavior. We conclude that the reflectivity of an area with a side of a few wavelengths is not well defined, since such an area scatters light in all directions rather than specularly reflecting it. The fact that light is reflected in a specified direction according to Snell's laws is a consequence of the interference between several parts of the surface. 
Inserting the new variables v ϭ r Ϫ rЈ, R ϭ (r ϩ rЈ)/2 into Eq. (22) yields the following form for the correlation function C:
If the system is translationaly invariant, the BRDF does not depend on R Ќ . Integration over this variable yields the result that the correlation C is proportional to ␦ (s Ќ Ј Ϫ S Ќ Ј ). This means that two speckle patterns produced by the same surface illuminated under different angles of incidence are correlated, provided that the difference between incident and scattered parallel wave vectors is the same in both cases. This issue has been investigated in detail in the context of surface scattering [40] [41] [42] [43] and has been used as a tool for measuring the roughness of surfaces. Recently it has been studied in the context of volume scattering and is called the memory effect. [44] [45] [46] Following this work, new studies in the context of surfaces have been reported. [47] [48] [49] [50] By use of this constraint, Eq. (21) for the generalized bidirectional reflectivity can be simplified:
Note that the generalization of this result to transmission is straightforward. It amounts to formally replacing the BRDF with a bidirectional transmission distribution function and the reflection coefficients r by transmission coefficients t.
In Section 4 we shall analyze the physical content of Eq. (24).
DISCUSSION
A. Locality and Memory Effect
Equation (24) establishes a general link between the correlation of the speckle patterns known as memory effect and the locality of the BRDF. From a physical point of view, the nonlocality of the BRDF can be illustrated by use of a very narrow directional beam to illuminate the surface. For this particular case the BRDF coincides with the distribution of scattered light. It is clear that, for a plane interface separating a vacuum from a homogeneous media, the BRDF is almost local, whereas a highly scattering medium is nonlocal [see Fig. 2(a) ]. Since a Fourier transform relates C and , we can derive an estimate of the width of the memory line (the width of the memory line can be defined by the FWHM of the correlation function as a function of SЈ). Indeed, if f(x) is the Fourier transform of F(ks), then the product of the widths satisfies ⌬x⌬ks у 2. Thus we can obtain an estimate of the angular width of the memory effect from the spatial width L of the BRDF. In particular, this relation implies that the width of the memory effect is expected to be much more important for surfaces than for scattering media. The correlations of speckle have been measured for both types of media. The memory effect has been known and used for more than 20 years in optics. Angular correlations of speckle have been measured by Léger et al. 40 Léger and Perrin, 41 and Knotts et al. 50 More recently, these effects have been studied for volume scattering. Theoretical analysis based on a perturbative approach 44, 45 and on experimental results have been reported. 46 It is worth mentioning that the Fourier transform relationship given by Eq. (24) was established in Ref. 45 for the particular case of transmission through a diffusing slab within the diffusion approximation. Li and Genack 51 have confirmed experimentally the Fourier transform relationship between the propagator and the correlation describing the memory effect for volume scattering. They found that the extension of the correlation is much narrower than what is found in reflection for surfaces. For rough surfaces the angular width is typically on the order of 10°(Ref. 50), whereas it is on the order of 0.02°for volume scattering on polycrystalline alumina samples. 51 Yet it is remarkable to see that, whatever the medium in the slab, the Fourier relationship must exist, provided that the medium is linear so that it can be described by a reflection or transmission matrix as defined in Eq. (15) . Finally, let us mention a recent work that reports that measurements of the memory effect can be used to detect objects buried in a diffusing medium. 52 Detection of objects in turbid media by use of a point detector and a point source has been widely explored in the context of biomedical applications. This technique amounts to detecting a variation of the nonlocal BDRF that is due to the presence of a buried object. The relationship that we establish between the memory effect and the nonlocal BRDF provides a fundamental link between the two techniques. In Subsection 4.B we investigate the implications of the nonlocal behavior for the case of a flat surface described by the Fresnel reflection factors.
B. Locality and the Goos-Hä nchen Effect
In this subsection we show that the definition of the generalized BRDF provides a natural framework for discussing the reflection of finite beams on flat surfaces. We are thus dealing with the coherent component of the field. It has been shown [53] [54] [55] [56] [57] [58] [59] [60] [61] that in a discussion of the reflection of finite beams instead of plane waves, several nonspecular effects appear-such as the lateral shift (also known as the Goos-Hä nchen shift), the longitudinal shift, the angular shift (i.e., a departure from Snell's laws), and a transverse shift-depending on the polarization of the beam. Since the specific intensity is the natural way of describing a beam, a generalized BRDF that contains all the information on the phase of the reflection factors must be an appropriate tool for describing these effects. In this subsection we limit ourselves to showing that the usual lateral shift can be deduced from Eq. (24) . Roughly speaking, the lateral shift (Goos-Hä nchen shift) describes the fact that a beam enters the medium below the interface and emerges at some distance from the entry point [see Fig. 2(b) ].
We now proceed to establish this result for the case of total internal reflection on a flat surface, starting with Eq. (24). We consider a beam illuminating an interface with an angle of incidence larger than the critical angle so that there is total reflection. The reflection factor can then be cast in the form r͑s, sЈ͒ ϭ exp͓i⌽͑s͔͒␦͑s Ϫ sЈ͒.
If the incident beam has a small angular aperture, the phase can be expanded to first order around s:
On inserting Eq. (25) and Eq. (26) into Eq. (24), we obtain ͑s, sЈ, r͒ ϭ ␦͑s Ϫ sЈ͒ ͵ exp͓ikS Ќ • ͑r ϩ ٌ⌽͔͒dS Ќ .
In this particular case the surface is translationally invariant, so Eq. (20) becomes a convolution product. In the reciprocal space this amounts to multiplying the spectral component of the incident specific intensity by exp͓ikS Ќ • (r ϩ ٌ⌽)͔. Since the specific intensity of the incident beam does not have large spatial frequencies, the high spatial frequencies of this phase term do not modify the result. Thus we can formally extend the integration in Eq. (27) to Ϯϱ without modifying the result. Equation (27) yields ͑s, sЈ, r͒ ϭ ␦͑s Ϫ sЈ͒␦͑r ϩ ٌ⌽͒.
This result shows that the beam is shifted by an amount given by the phase gradient, as is well known. Since the generalized BRDF is a reflection factor of the specific intensity, it does not yield the phase modification. Equation (28) shows that if the phase gradient is small, the shift can be neglected and therefore, reflection is essentially a local phenomenon. For some particular cases, 59 ,61 the shift can become as large as 100 . Yet it is always smaller than half of the beam waist. We have shown that under the usual approximations that are valid for directional beams, the generalized BRDF given by Eq. (24) yields the usual lateral shift. Note, however, that Eq. (24) is much more general. It yields the lateral shift when we restrict its application to only the coherent component of the field and a narrow beam.
C. Local Form of the BRDF
It is usually assumed that for flat surfaces, reflection is a local phenomenon. We showed in Section 3 that at a length scale of the wavelength, the concept of local reflection is meaningless. In Subsections 4.A and 4.B we analyzed two mechanisms that produce strong nonlocal reflection even for beams whose width is much larger than the wavelength. In this subsection we derive the local form of the BRDF. To this end, we need to make two assumptions: (1) the field is quasi-homogeneous, and (2) the reflection factor is not rapidly varying with the angle of incidence. Then the bidirectional reflectivity takes the following local form:
The detailed derivation of Eq. (29) is given in Appendix B. A necessary condition for this simple expression to be valid is that the size of the incident field be much larger than the wavelength. This condition is obviously satisfied for quasi-homogeneous fields. In contrast, this condition is not satisfied near the focus of a convergent beam. The second necessary condition is that the reflection factor not vary rapidly with the angle of incidence.
Finally, we note that Eq. (29) yields the well-known behavior for limiting cases. If the reflection factor r is a constant (Lambertian surface), the BRDF varies as the cosine of the angle s z . However, if the surface is flat (specular surface), the BRDF is simply given by
To summarize, the local form of the reflectivity can be used if the incident field size is much larger than the length scale of the generalized BRDF. This length scale, as discussed in Subsection 4.A, varies like the inverse of the width of the speckle correlation C. If the condition is not satisfied, the concept of local reflectivity is meaningless and should be replaced by the nonlocal reflectivity given by Eq. (24).
D. Reciprocity of the BRDF
The reciprocity of the BRDF is evident from Eq. (29) when Eq. (16) is taken into account. In fact, from these two equations we immediately obtain
This result holds for quasi-homogeneous fields. The reciprocity for the most general case can be inspected by use of Eq. (21) . With a change in variables (s into ϪS, S into Ϫs, r into rЈ, rЈ into r, sЈ into ϪSЈ, and SЈ into ϪsЈ), it appears that the nonlocal bidirectional reflectivity is reciprocal within the approximation that the z components of s Ϯ sЈ/2 are close to s z . Thus we establish Helmholtz's theorem for the nonlocal bidirectional reflectivity for a limited class of surfaces:
E. Derivation of Kirchhoff's Law
Another interesting consequence of the reciprocity of the BRDF is that it allows us to obtain Kirchhoff's law. Several derivations are based on thermodynamic balances. However, they cannot be applied to surfaces that reflect nonspecularly. 26 We present this derivation here for the sake of completeness. A similar derivation was given by Tsang et al., 62 who assume implicitly that reciprocity for r yields reciprocity for .
At thermodynamic equilibrium, the specific intensity I °i s both isotropic and homogeneous and depends only on the temperature T. In contrast, the thermal emission of a body at this temperature is described by the emitted specific intensity I e . This quantity is always smaller than I °a nd is characterized by the directional spectral emissivity ⑀ (r, s):
To establish a connection between the reflectivity and the emissivity, we assume that the surface is contained in a medium at thermodynamic equilibrium. Hence the specific intensity at any point is the equilibrium specific intensity I °( T). At points close to the surface, we can express that the specific intensity is either emitted or reflected by the surface, according to the expression
In Eq. (33) we have used the fact that the incident radiation is the equilibrium radiation. The angular integration is carried out over a hemisphere with s z Ј у 0. Therefore, from Eq. (32), we obtain 1 ϭ ⑀ ͑ r, s͒ ϩ ͵ ͑ r, s, sЈ͒s z Јd⍀Ј
In Eq. (35) the notation (r, s, h) has been introduced for the BRDF integrated over all angles of incidence characterized by sЈ. This quantity is called hemispherical directional reflectivity. Conversely, let us now consider a field illuminating an opaque surface, in which case the energy of the field is either reflected or absorbed. The conservation of energy gives the following relation:
In Eq. (36) the BRDF is integrated over the hemisphere with s z Ј у 0 of reflected angles, where ␣ Ј represents the spectral directional absorptivity and (r, h, s) is called directional hemispherical reflectivity. On comparing Eqs. (35) and (36), we see that the spectral directional emissivity is equal to the spectral directional absorptivity, provided that
The equality (37) follows immediately from the reciprocity relation (31) . Thus Eq. (37) shows that the reciprocity entails that the emissivity be equal to the absorptivity. The only restrictions to this relation are connected to those on the validity of the reciprocity theorem pointed out in Subsection 6.D. Yet it should be emphasized that the departure from the reciprocal behavior is not expected to be significant for quasi-homogeneous fields.
CONCLUSION
Within the framework of coherence theory we have derived a generalized bidirectional reflectance distribution function (BRDF). This constitutes a fundamental concept of radiometry that allows us to describe the radiative properties of opaque surfaces. On using as a starting point the well-established definition of specific intensity in the framework of coherence theory, we have put forward an expression for the BRDF. Several properties were then derived from this result. First, this quantity entails a nonlocal relationship between incident and reflected specific intensities. However, for the case of quasi-homogeneous fields emerging from the medium-a class that encompasses most of the fields produced by thermal means-the BRDF becomes a local quantity. Hence the present analysis quantitatively establishes a region of validity for the concept of local bidirectional reflectivity. As such, it breaks down when the side of the surface-area element under consideration approaches a wavelength. For the particular case of flat surfaces, it has been shown that the nonlocality of the BRDF provides a natural framework for describing the lateral shift of finite-size beams.
A second consequence that follows from the expression of the generalized BRDF is the possibility of establishing its reciprocity. Indeed, under the assumption of quasihomogeneous fields, it turns out that the Helmholtz reciprocity principle, originally postulated for specific intensities, can be derived from the well-known reciprocity theorem for the generalized reflection coefficient of the Smatrix for wave fields.
Third, the derivation of the concept of bidirectional reflectivity from a field theory allows us to establish a general Fourier transform relationship between the nonlocal BRDF and the correlation of the speckle pattern. This result generalizes for any half-space of any linear medium a result derived under the diffusion approximation for diffusing media.
Finally, Kirchhoff's law has been shown to follow from the reciprocity of the BRDF. The proof obtained for this law is valid for any type of surface, whereas the usual proofs require the surfaces to reflect only specularly.
APPENDIX A
In this appendix we derive Eq. (9b). To this end, we introduce Eq. (4a) into Eq. (9a), which yields the following form of the specific intensity: 
APPENDIX B
In this appendix we give a detailed derivation of the local form of the BRDF. We start with the form of the reflected specific intensity given by Eq. proportional to /L, where L is the size of the incident beam. In contrast, the correlation of the reflectivity is not a rapidly varying function of SЈ for surfaces. Note that this assumption is not true for highly scattering media, for instance. It is therefore possible to replace the correlation in the integral by its value at SЈ ϭ 0 and thus remove SЈ from the integral. This yields the final result: On identification of Eq. (B2) with Eq. (3), we readily obtain the local form of the BRDF given in Eq. (29) . To summarize, the local form of the reflectivity can be used if the width of the incident beam is much larger than the length scale of the generalized BRDF. This length scale, as discussed in Subsection 4.A, varies as the inverse of the width of the speckle correlation C. If the condition is not satisfied, the concept of local reflectivity is meaningless and should be replaced by the nonlocal reflectivity given by Eq. (24) .
